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Online: 29t March 2023 determined in this article. An example is constructed in

which all the conditions of W. Feller's theorem on the law
of the iterated logarithm are satisfied; however, its result
does not follow. This is because of the fact that the
imposed condition on the truncated variance in W.
Feller's theorem is not sufficient.

Recently, there has been a growing interest in research on the asymptotic analysis of the
limiting behavior of extreme order statistics. This circumstance is due to the fact that extreme
statistics serve as the basis for mathematical models of applied problems of managing
economic systems, organizing the activities of financial and actuarial (insurance) companies.
In this case, special attention is paid to the problems of approximating the distributions of the
used statistical estimates of summation types by known infinitely divisible distributions (see,
for example, [1, 2]).

In this paper, an example is given in which all W. Feller’s conditions [3] are satisfied, but
the result obtained by W. Feller about the influence of extreme summands on the sum in the
law of the iterated logarithm does not follow. As already noted in [4], we believe that we have
to impose the condition on the initial distribution of random variables more restrictive than
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the similar condition = in [3], where B(X) is the truncated variance. For

the sake of completeness, we present the W. Feller result.
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Let be symmetric, independent, identically distributed r.v. with a

common distribution function F (X) .
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Further, we assume that Xn are order statistics arranged in descending order, i.e.

XD > X® > X0
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and #n is the largest root of the equation
pr? =nB(p,), (1)
B(X) = j t2dF(t).

where thx

_T x*dF (X)
~IBX)(oglog )7

Theorem (W. Feller). Let the initial distribution be symmetrical,

We assume that

. B(2x)
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n—o0 B(X)

I(O):oo an |(7/)<OO for some 76(0’]/4).Then
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In the following example, all the conditions of W. Feller's theorem are met,
nevertheless, its statement is false.

Example. Let, as required in the mentioned theorem, B(x) be a monotonic function
. B(2x
limsup (2%) <M
B(X) >« x>0 ™ B(X)

XdF() T X“dF (x)
) B(x)loglogx g 2 BOO( (loglog x)'

1)
n =00

limsup =
for some 4 6(0,%) , but o Pr Vloglog P a.s., (3)

where £ is the largest root of equation (1).
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Choosing 4 , and 7k are the solutions to equation
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2 =2

2k0+1
and 0 so that % . The normalizing constant Co is defined by the following
equality
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We set the truncated variance it in the following form:

B(X) =Cog(X),

were
0, if  xe[0,1];
log, X, it xe(2];
plloozloox)™ gy e (2,2%°7;

and for any k >k,
g(X) = 2k1+e

27

x, if xe(2®,27k*];

2kl+s . . ) . )
ZTkl 2Uif xe (22 k0,27 x.];

1+&

2(|092|092 X) ’ if xe (Xk ’ 22"*1].
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Let us check the fulfillment of the conditions of the W. Feller theorem. Obviously,

limsup B(2x) =2

B(x) is a monotonically increasing function and o B(x)

. It is easy to see that for

all sufficiently large K.

zk(1+'°92k) ‘w2

> 2k* > 2" 2

X, > 2 > 22 0?", @
The graph of function 9(x) has the following form:
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Fig.1 Function B(x) illustration.
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dB(x) _ 2% £ (x)
Let us first show (2). Using the equality dx

B( ) it is easy to see that for k> kO the density is:

and the definition of

ZkM : 2 A2k 146 |,
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From here and from the obvious relation |092 Ing 2" [ |092 |092 2 as K— 0 , we
obtain
22k o 9
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1L (K) = j x“dF (x)

dx
+ B(x)(loglogx)™ Xjk xlogx(loglog x)™”"*
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Assuming that A=2"" we obtain

0

2 = oo, if =0
[atonio 22 [

Ioglogx1 kky it <o, if y>e.
Thus, the validity of condition (2.1.6) is proved.

We proceed to the proof of (2.1.7). Let b, be the largest root of the equation

b? =nB(b,)(loglogb, )™, y>0.

(6)
It is easy to check that b, is a monotone sequence, such that bﬂ+1/bn —1 b, =00
as N—> 0,

)

and

Denote dn:bﬂ,ifyzoand an:bn,if 7/:5.
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r x*dF (x)
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From the proof of Lemma 2.2.3, in particular, it follows that

ZP(b)

equivalent to the convergence of the series n=l
From here and from (2.1.6), by the Borel- Cantelll lemma, we obtain that

<@ —(1)
X X,

limsup——=o limsup—— =0
o dn a.s., o n a.s. (7)
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Next, we choose the sequences M and M« so that we have

2,146
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k 220 145
a [12? a, 127k
[t is obvious that ™ and ™ )
Hence, in view of (2.1.10) we easily obtain that

a2 (2 )

!

Let us show that relation (2.1.7) holds for the subsequence .
@ (2) (ng-ny)

XO> XPzo> X

Let "« M — M M be variational series built according to r.v.

Xnk+1' nk+2""’Xn{<'
N
@O _ @ —
WS =D X = X, z,=p, Jloglogp, .
i=nk+1
To show (2.1.7), it suffices to prove from (2.1.11) that
S(l)
limsup “— = oo
k—0 Z
k a.s. (8)
Ilmsup‘ =0
k—o0 7
and k a.s. (9

@) }
! a
Since {”k "k is a sequence of pairwise incompatible events, then, by virtue of the
Borel-Cantelli lemma, to prove (2.1.12), it suffices to show that

ip(nksgy >77,) =00
k=ko (10)

forany 7~ 0. 0n the other hand, it is easy to obtain from (2.1.9) that as
k—o0
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P(ank)maff(x)dxu -~
) (11)

for any 7 > 0. Forall sufficiently large K , we have

Nk
(€))
P(,8927z,)2P| U |X =7z,X 277, > X,20,X,<
ny S_I,j_énk m=n, 1
1] ml, j

<tzn <l <120, j])2C3 | P(e2,)| P(Sy , » 20)-nP(zz,) |

>C[nP(zz,)] z%.

This implies (2.1.14). Thus, (2.1.12) is proved.
To prove (2.1.13), it suffices to show that

ZP( > 77, ) <oo

k=kg (12)

for any 7 > 0,
We have

ip(s
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|<a,)-Z2,
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Next, using the Chebyshev inequality, we obtain the following for all sufficiently large K

2
M n nB(a,) C
P( <ank)sP {;xu(\xikank)} > 7272 |< krzzf <
I SNE

X,
< a ) = C Z k2+é‘
k=k,

>a, )+iP(S
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>a, )g 2nP(a,)

, then in view of (2.1.15) Zl converges.

X

So, the series 22 also converges.
Relation (2.1.16) is proved.
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