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boundary value problem for the wave equation of a
compressible stratified rotating fluid is considered. First,
approximation is performed only in spatial variables by
the finite difference method, and the resulting system of
high-dimensional ordinary differential equations is also
approximated by this method. Using the method of energy
inequalities, a priori estimates were obtained and, on their
basis, theorems on the stability and convergence of the
constructed difference schemes were proven; accuracy
estimates were obtained for sufficient smoothness of the
solution to the original initial boundary value problem. An
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algorithm for implementing difference schemes is
proposed.

1. Introduction. In mathematical modeling of applied problems in complex many-sided
fields, such as geophysics, oceanology, semiconductor physics, atmospheric physics, physics of
magnetically ordered structures, associated with the wave propagation in media with a strong
dispersion, non-classical high-order partial differential equations, called Sobolev-type
equations, arise [ 1]-[3]. It is not always possible to find exact solutions to these equations, so
they are mainly solved by numerical methods.

In [3]-[6], based on analytical methods, the problems of global and local solvability of
initial boundary value problems for linear and nonlinear equations unsolved for the highest
time derivative were considered. The solvability of such problems is also considered in [7]-
[11], where theoretical results were obtained based on phase space methods developed by G.A.
Sviridyuk.

Recently, numerous studies have been published on numerical solutions of initial
boundary value problems for linear and nonlinear equations of Sobolev-type. In particular, in
[2], [3], such equations were reduced to two equations using a certain function (one contains
differentiation in time, the other - only in space) and then these equations were solved by the
finite difference method on quasi-uniform grids. In [12], a mathematical model of ion-acoustic
waves in a plasma in an external magnetic field and issues of unique solvability of the Cauchy-
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Dirichlet problem were considered. A similar study of an optimal control problem for a given
mathematical model was considered in [13], where an algorithm for a numerical solution was
developed based on the modified Galerkin method and the Ritz method. In [14], a software
package was proposed for the numerical solution to the Boussinesq-Love equation. In [15]-
[17], similar problems were solved by the finite element method.

This study is devoted to the construction of difference schemes of high accuracy for the
first initial boundary value problem for the equation of waves of a compressible stratified
rotating fluid. The construction of difference schemes is performed based on the finite
difference method for both variables. First, only spatial variables are approximated, resulting
in a system of high-dimensional ordinary differential equations. Below, difference schemes of
various orders of accuracy are considered for this system. Using the method of energy
inequalities, A.A. Samarskii obtained various a priori estimates and, based on these estimates,
the convergence and accuracy of difference schemes were proven with sufficient smoothness
of the solution to the original initial boundary value problem. Algorithms for implementing
difference schemes are proposed.

2. Statement of the problem. In domain

Qr ={(x.1)1x=(x,xp,x3) eQ=[0<x,, <[, ®=1,2,3], 1[0, T]}
we consider the initial boundary value problem for the equation of dynamics of

compressible stratified rotating fluid in the following form [18]:

4 2
%O—E:a—zKou + Kqu + f(x,t)
c-ot’ ot

’ (x,t) e QT 1)

—u(xt)|  =ugy, k=03
t=0 xeQ (2)

Mxmf=ﬂ®’temjl

(3)
2 2 1.2 2 2~2 2 2 2
where K0=A3—(ﬂ +a“/c )’ K1=a)oA2+0£ 0 /8X3—0[ o) ,
2 2 A2 2 A2 2 2 2 2
Ag=0 /8X1 +0 /8X2+8 /8X3, Ay =A3-0 /8X3, 0 s the square of the Vaisala-

Brent frequency, u= (X’t) is the velocity of motion, C is the speed of sound, a,,B are some

constants, Qr :QX(O’T], Q2= {0 <Xg <lg, @ :1’2’3} [1]. Here, C# O and for C=
equation (1) is the equation of gravitational-gyroscopic waves, which is a mathematical model
of linear internal waves in rotating ocean [4].
3. Discretization in space. Below, equation (1) is considered in the following form:
4 2
Jdu o
— =—5 Kou + Kqu + f(x,t)
4 2
ot ot ' (4)

2 2 n2 2 2 2 2(,.,2~2 2 2 2
where K0=C A3—(C p +a )’ K]_:C apAy +C (a0 /8X3—CZ y5) )
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HhCH

Let us construct subspace that approximates Hilbert space H with the

corresponding scalar product and norm. We introduce into Q grid (uniform in each direction)

WOy = O X D Xy, @, :{xa:i h,.i, =0,N, hazla/Na},azl,Z,.?;.

, where 2 arala

Here Op = h + Jh- We define subspace

5 N, N, N, ) ) )
||V||1 :\/ZZZhlhzh3[(VX1) +(vg, )" +(vg) ]SM

V(Xl’xz’x3) with norm s , where

Hpy =W (e,)

- the space of grid functions

constant M does not depend on My, hy, h3. Here V:V(ilhl’i2h2’i3h3),
Vx = [V(iyhy.,ixhy ishg) = v((iy ~Dhy,ishy,ishg) ]/
Vx, = [V(iyhy iohy ,izhs) = v(ishy, (i, —D)hy,izhg)]/ hy
Vx, = [V(ishy ,ixhy ishy) —v(ighy,ishy, (is —1)hg) ]/ h _

Approximating operators Ko and K, by difference relations on the indicated grids, we
obtain the Cauchy problem for a system of ordinary fourth-order differential equations:
4 2 k
d™u dcu d"u —
D=+ B— + dup (1) = fr, —(0)=ugyp, k=03
dt dt dt 5)

where D, B and A are linear constant operators from Hh _>Hh, D*:D>O,
B"=B>0 A"=A>0 V120 up=up()eHn fr="Th(t)eHp yop
3
A= A
B=c?A— (22 +aDE A=cZP(A-pE) Z °
A

(6)
mth =~thxx,» M =1 2’3, Uh is the function value at fixed node X ~ CURPICHEL)
Un % = (Un ((ig + Dy, iohy  ighg) — 2 (ighy, iohy, ighg) + U (i — Dy, ihy,ishg)) /hf
Un ., = (Un (1, (iz + Dy, ihg) — 2un (ighy, iohy ighs) + un (ighy, (ip ~Dhp ighg)) /15

Un,x x, = (Un (ithy, 12N, (i3 +1)hg) — 2up ((inhy, i2hy, i3hg)) + up (ithy, iohy, (i3 —1hg)) / hé

Operators B and A approximate operators Ko and Ky with the second order,

respectively, i.e. O(‘h‘z)’ ‘h‘ —N hlz + h22 + h32 , D=E.
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o, ={t,=nr,n=01,..;7 >0}

4. Discretization in time. We introduce uniform grid on

segment [0.T] .Let y approximate Un In [19], for problem (5) with operators (6), a difference
scheme of the fourth-order approximation was constructed on this grid:

ijftft + Byft +AY=0, {, o,

(7)
V' =Ugo, Y =Ugy Y =Ty, ¥ = Uo,s' (8)

where
E_)=D+(2'2/12)B’ §:B+(2'2/6)A, 9)

n+1

Ve = (Y™ —4y™ +6y" —4y" 4y ) [2f ye = (y
y'=y(t,) y™ =yt + 7) y" =yt + 2r) p=g+ (r*16)0° f latz,
Uy = g +0.57[E — (7 /12)D'Bluy , +(+° / )y, + (z° / 24D £(0) — Aty
Uy, =Uy, + 7Ug, + (2% / 2)D7[ f (0) — Bu,, — Auy ]+
+(z* 1 9)D7'[ £ (0) - Buy, — Alg,]
Ups =Ugs + (32 /2)D'[ f(0) — Buy, — Auy o]+ (52% / 4)D [ f (0) — By, — Ali o]+

5. Convergence of the scheme. The following assertion holds.

—2y"+y" N/ r?

Theorem 1 [19]. Let D'=D>0 B"'=B=0 A"=A>0 34 the following stability
condition be satisfied

D>(c"/4)A (10)

Then the solution to the difference scheme (7), (8) with operators (9) converges to a
smooth solution of the original problem (5) and the following accuracy estimate holds:

ly(t,) -utt)|<O@).t, €@,
Therefore, based on this theorem, we obtain the following result.

Theorem 2. Let D'=D> 0, B'=B> O, A =A>0 and stability condition (10) be
satisfied. Then, the solution to the difference scheme (7), (8) with operators (9) converges to a
smooth solution of the original problem (1)-(3) or (4), (2), (3) and the following accuracy
estimate holds for its solution:

HY(Xi!tn) _U(Xi’tn)H SO(‘h‘z +7%), % €@, t, €W,

6. Schemes with weights. Based on the difference scheme (7), (8) with operators (9),
we consider a family of difference schemes with weights

Dyrir + By 77 + Ay =9, t, e, (11)

Here y7) = y+ (1-0,-0,)y + 0, y y o =g y+(1-0,-0,)y +0, y

where Y1’ 921 931 O4 3re some constants of the scheme with weights, the presence of which

allows us to select various explicit and implicit schemes and adjust their accuracy in space.
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Let us study the stability and convergence of scheme (11) with initial conditions (8). To
do this, we reduce (11) to canonical form [20]. The following transformation on scheme (11) is
performed:

(D+7%0,B)y"? -[4D -7*(1- 0, - 0,)B + 2t°c,B - r*c, Aly" +
+[6D +7°0,B-2t°(l~0, - 0,)B+7°0,B+7'(l-0,-0,)Aly" -

—[4D +27%0,B-7*(1-0,-0,)B-7'c,Aly"" + (D +7°0,B)y"*

4_
TP 12
_ yh+2
Let Y=Y in (12). Then (12) has the following form:
B4yn+4 +B3yn+3 +B2yn+2 +B1yn+1+Boyn :z_4¢n

where

B,=D+7’0,B B,=-[4D-7’(l-0,-0,)B+27’6,B-1'0,A]

B,=6D+7%’0,B-2r°(l~0,-0,)B+7r’0,B+7*'(l-0,-0,)A

(13)
B,=-[4D+27°0,B-7*(1-0,-0,)B-7r'0,A] B,=D+7°c,B
Now, similarly to [20], we write scheme (12) in the following canonical form:
My, +7°Ry. +7°Py +7'Qyy + Ay =70
tt ftt , (14)

where
M=7(2B,+B,-B,-2B,) R=2B,+0.5(B, +B,)+2B,
P=05(B,-B;) Q=—(1/8)(B,+B;) A=B,+B;+B,+B,+B,;
Hence, considering (13), we obtain
M =7°(c,-0,)A R=7’[1-2(0,+05,)]B+05¢c%(c, +0,)A
P=—(0,-0,)r’B+0.5¢%(c, —0,)A
Q=D-(*/H[L-2(c, +o,)IB~(* 18)(0, +0.)A A=r'A
Let O1=0, =0 03=0, =0
calculations, from (14) we obtain

Q¥ + ﬁytt +AY=p

, then M=P=0 Consequently, after elementary

, (15)
where

Q=D-(c*/4)(1-40)B—(c"/8)9A R=7’(1-40)B+7'0A
According to Theorem 2 from [20, p. 276], there is an a priori estimate based on the

initial data (¢ =0 )

if the following conditions are met:

ReM >0 A>0 R—4Q—AZO, A+16Q=>0 (17)

Yn+l Yn

<|
A

A (16)
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HYn _ (1/16)‘ yn 4 yn+1 n yn+2 n yn+3 2

yn+3 + yn+2 _ yn+1 _ yn

i+(1/16)U

2
R-4Q-A } +(1/16) ‘ A+16Q (18)

Let us check the fulfillment of conditions (17). The first condition ReM >0 js satisfied
R-4Q-A>0

2
A

R-4Q-A

n+3 n+2 n+l n 2

y =y -y +Yy

n+3 n+2 n+1 n
+| y" -yt ytioy

since M= 0. The second condition A=0 is satisfied since A> 0. Condition
will be satisfied if

4D +r*(1-20)A<27*(1-40)B

and, finally, condition A+16Q=0 will be satisfied if
16D + 14(1— 20)A> 42'2(1— 40')I§

(19)

(20)
S 4
Conditions (19) and (20) will be satisfied if o<1/ 2, o<1/ 4, D=("/4)A or

4
0<1/2 o<l1/4 D=2("1HA 21)
which are conditions for the stability of scheme (11), (8).
Thus, the following theorem is proven.

Theorem 3. Let D* =D > 0 B"'=B2> 0 A" = A>0 ;14 condition (21) be satisfied.
Then, to solve the difference scheme (11), (8), an a priori estimate based on the initial data (16)
is true.

To prove the stability on the right-hand side of scheme (11), (8), we present it in the

4
form of an equivalent two-layer scheme in space H [20]:

Cy +Qy=¢
here Yi = Yt*’Tytt’ (Tzlz)ym’(le)ytt+(T3/8)yftft ’¢={(p,0,0,0}’
A 0 0 0
0 R-20-A O 0
"o 0 R-20-A 0
0 0 0 A +16Q

)

Based on Theorem 4 from [20, p. 284], the following assertion holds.

Theorem 4. Let D" =D > 0 B"=B2> 0 A" =A>0 414 the following operator
inequalities be satisfied:

ReM >0 A>0 R—4Q—A>O’ A+16Q>O_ (22)

Then, to solve the difference scheme (15), (8), the following a priori estimate is valid:
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HY n+1

=<Vl

7+ el

)

nll2

A s calculated according to (18).
Let us check the fulfillment of conditions (22). The first two conditions are satisfied since

where H

M =049 A=A"> 0, other conditions will be satisfied if inequalities (21) hold.
Based on Theorems 3 and 4, the following result holds.

Theorem 5. Let D* =D > 0 B"=B> 0 A" = A>0 414 condition (21) be satisfied.
Then the solution to the difference scheme (15), (8) converges to a smooth solution of the
original problem (1)-(3) and the following accuracy estimate holds

ly(x.t,) —u(x,t,)| <O(h? +7%), x €@, t, €,

7. Higher accuracy on spatial variables. If the solution to the orlgmal differential
problem has the necessary smoothness in spatial variables, then difference operators of high-
order approximation can be constructed. Obtaining difference operators with a higher order of
approximation can be achieved in various ways. For example, operators of the difference

scheme (15), (8) Q , R ,and A are chosen in the following form ((0 =0 ):

h2
12k J R= B+TUZ

4 m 112k
3 3 h?
SIS 2
m=n m ’ (23)

where Aﬂy:_Amy. Consequently, difference operators Q, R, and A in (23)
approximate differential operators with the fourth order of approximation error, i.e.

O(hf), [hf=h’+h +h

8. Algorithms for implementing the scheme. Scheme (11) for
o,=0,=0

0,=0,=0

has the following form:

Dytttt + By(a) + Ay(e) =, t, €,

where V9 =oy+ (1—20-)y+o-y’ v =0y+ (1—26?)y+49y_If(;:g:o,thenwe

obtain the explicit scheme (7), (8), implemented directly, and for other values of O, we obtain
an implicit scheme, implemented by the sweep method. Numerical calculations can be
performed using the high-accuracy scheme (15), (8) with operators (23).

9. Conclusions. A boundary value problem for the equation of dynamics of a
compressible stratified rotating fluid was considered. Based on the finite difference method,
parametric difference schemes of high-order accuracy in time were constructed and studied.
The presence of parameters in the scheme allows for regularization of schemes to optimize the
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implementation algorithm and the accuracy of the scheme. The corresponding a priori
estimates were obtained and, on their basis, theorems on the rate of convergence and accuracy
of the constructed algorithms were proven with sufficient smoothness of the solutions to the
original differential problem. Based on these advantages, it is possible to study other boundary
value problems, in particular, nonlocal boundary value problems. Moreover, these results can
be extended to loaded equations with local and nonlocal boundary conditions.
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