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 The article presents the results of numerical studies on the 

simulation of bending vibrations of modernized pneumatic 

springs for high-speed electric trains under the action of 

pulsating pressure, an algorithm and a program for the 

MATHCAD 15 programming environment have been 

developed. The design of the modernized air spring is 

protected by the patent of the Republic of Uzbekistan for 

the invention No. IAP 04632 [1]. 
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Analysis of studies on the calculation of pneumatic springs of high-speed and high-speed 

electric rolling stock with rubber cord reinforcement showed that almost all spring 

suspension designs of modern electric locomotives and electric trains use pneumatic spring 

elements of various types (for example, in France, Germany, Switzerland, Spain, Japan, Russia, 

China and Uzbekistan) [2,3]. 

We propose a new design of pneumatic springs of increased reliability for a railway 

vehicle, the novelty of the technical solution of which is protected by the Patent of the 

Republic of Uzbekistan No. IAP 04632 [1].  

The objective of our invention is to increase the efficiency of the pneumatic spring by 

improving its damping characteristics, the possibility of damping both low-frequency and 

high-frequency dynamic loads, increasing the smoothness of the crew, increasing the 

reliability and durability of the entire locomotive and rolling stock. Based on the review of the 

scientific, technical and patent literature, we have developed a numerical and analytical model 

for the dynamic calculation of the element of the elastic shell of the pneumatic compressor 

clamped by stiffening ribs, which is a logical continuation of the models and calculation 

methods presented in the works [5÷8]. 

The set task is solved by the fact that inside the elastically deformable element of 

toroidal shape there is a hollow annular elastic element installed, in the cavity of which there 

is a spiral spring of tubular section, at the same time inside the tubular section of which there 

is an elastic element; for example, raw rubber or rubber filler, and plugs are installed on both 

sides of the spiral spring, Note here that one plug is located at helical spring center while 
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another one is arranged at its end and rigidly fixed to hollow annular resilient element inner 

wall. 

This article presents an algorithm for numerical modeling of bending vibrations of 

modernized pneumatic springs for high-speed electric trains under the action of pulsating 

pressure. The proposed mathematical model is based on the works [4,5], and is also a logical 

continuation of the models and calculation methods proposed in the works [6 ÷ 8]. 

To justify the design model, we introduce a number of assumptions that are possible for 

the engineering calculation: 

1) Almost all types of pneumatic springs have a «rigid» shell in the form of a metal frame 

of various types. In this regard, it will be assumed that closed convex rubber-cord surfaces in 

a metal frame formed as a result of extrusion of elastic shell elements do not allow local 

deformations of folding in certain areas, for example, curvilinear ends. 

2) The metal frame in the form of stiffeners will be considered absolutely rigid. 

3) The rubber cord shell is considered extensible. Its elements are clamped between 

stiffening ribs of metal frame [1,2,3,4]. We present a design diagram in the form of 2 elements 

of an elastic shell clamped between two stiffening ribs and an element of a metal frame in the 

junction of compartments i and (i +1). Note here that every element of elastic shell 1, 3 has its 

initial bending radius R01 and R03. The metal frame element 2 also has an initial bending radius 

R02 produced by the initial internal air pressure in the Р0V system. Elements of elastic shell 1 

and 3 have masses m1   and m3, respectively, and element of metal frame clamped between 

them - m2. 

The whole system bends at the initial moment under the action of the initial internal air 

pressure of the Р0V. Next, we examine the process of vibrations in the system under the action 

of lateral rolling that occurs during the movement of the vehicle. 

4) The whole system moves in the plane due to joint oscillations of the pneumatic spring 

and, for example, the electric locomotive when it moves along the rail track with periodic 

mating irregularities. 

For the model of the rectangular plate of the element of the side wall of the elastic shell, 

the pneumatic springs of the high-speed electric train and taking into account the introduced 

assumptions, we will record the differential equation of bending oscillations in the form [4] 

        
𝜕4𝑊𝑝

𝜕𝑋4
+ 2 ⋅

𝜕4𝑊𝑝

𝜕𝑋2𝜕𝑌2
+

𝜕4𝑊𝑝

𝜕𝑌4
=

𝑞𝑝(𝑋,𝑌)

𝐷𝑝
.                                       (1) 

We use the bending functions of the middle layer of the supporting frame model along 

the axis OX, taking into account the own bending functions of the elastic rods of the metal 

mesh frame, which arise under the quasi-static effect of internal air pressure in the system. In 

this regard, taking into account the non-linearity of the impact, we assume a dynamic load in 

the form of harmonic decomposition into a series 
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            1,2 design modules  -                        PROGRAMS 1,2 

 

 

 

 

 

  

           3,4   design modules -                        PROGRAMS 3,4 

    

 

 

 

 

             5 design modul    -                               PROGRAM 5  

 

 

  

  

  

 

  

 

 

 

 

 

Figure 1. Block diagram for numerical studies on the model of the elastic shell of a 

pneumatic spring in the form of a plate with a mesh frame. 

 

 

 
𝑞𝑝(𝑋,𝑌)

𝐷𝑝
= ∑ 𝐴𝑖𝑝(𝑌) ⋅ 𝑆𝐼𝑁

𝑖𝜋𝑋

2⋅ℎ𝑝
𝑖=1,3,5   .                                    (2) 

INPUT 

1. Mass and geometric parameters for elastic 

container and metal frame 

2. Parameters of dynamic loading modes 

3. Parameters of task complication stages    

 

1) Organization of the cycle by external load harmonics 

(Loop N) FOR   n = 0  TO  3  

2) System Frequency Analysis Using Iteration Method to Solve Transindent System 

(having a large number of roots) equations: 

FOR   k = 0  TO  3  

 

   

Finding the coordinates of elastic deformations by the elements of the analyzed 

models: 

1)  2 ( t ), 3 ( t ) , 

2) W1 ( t, x ), 1 ( t, x ),  3) WK ( t, x ), K ( t, x ) 

Determination of stresses for elements of the analyzed model: 

Х  , У , ХУ  and check of strength conditions 

Plotting on a computer, using MATHCAD 15 

programming environment, printing tables and graphs 

 END 

START - ВEGIN 
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For such assumptions, it is possible by Fourier to represent the solution of equation (2) 

in the form of the sum of a series of the form 

𝑊𝑖𝑝(𝑋, 𝑌) = 𝑊𝑖𝑝(𝑌) ⋅ 𝑆𝐼𝑁
𝑖𝜋𝑋

2⋅ℎ𝑝
 ,                                          (3)         

where  i  =  1, 3,5… 

After substituting partial derivatives of (3) into equation (1) for each «i» vibration form, 

we obtain the equation 
𝑑4𝑊𝑝𝑖

𝜕𝑌4
−

𝜋2⋅𝑖2

4⋅ℎ𝑝
2 ⋅

𝑑2𝑊𝑝𝑖

𝜕𝑌2
+

𝜋4⋅𝑖4

16⋅ℎ𝑝
4 ⋅ 𝑊𝑝𝑖 = 𝐴𝑖𝑝(𝑌),                      (4) 

which allows precise solutions to define the function 𝑊𝑖𝑝(𝑋, 𝑌).  

As a result of numerical studies on the bending vibrations of the elastic plate with a 

mesh frame in the pneumatic compressor of a high-speed electric train in the MATHCAD 15 

programming environment, we will obtain a solution on the real structural dimensions of the 

integral soft container of the pneumatic spring by the numerical method using the ready-

made analytical solution 𝑊𝑖𝑝(𝑋, 𝑌)  for the elastic shell element by piecemeal-linear 

approximation and binding by iteration by system nodes by analogy with works [5÷8]. 

The block diagram for numerical studies consists of 5 stages (Figure 1). 

This article developed a promising complex analytical and numerical method for 

studying the stress-strain state of the elastic shell of a pneumatic compressor filled with air 

under pressure, and also developed a methodology for engineering calculation of elastic shells 

of pneumatic springs and a lightweight lattice frame of a rod type with the selection of their 

rational parameters for electric rolling stock on the basis of theoretical, experimental and 

experimental development [7÷8]. 
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